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Abstract
We study M theory compactifications on manifolds of G2-holonomy with
gauge and matter fields supported at singularities. We show that, under
certain topological conditions, the combination of background G-flux and
background fields at the singularities induces a potential for the moduli with
an isolated minimum. The theory in the minimum is supersymmetric and
has a negative cosmological constant in the simplest case. In a more real-
istic scenario, we find that the fundamental scale is around 10 Tev and the
heirarchy between the four dimensional Planck and electroweak scales may be
explained by the value of a topological invariant. Hyperbolic three-manifolds
enter the discussion in an interesting way.
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1. Introduction.
One of the traditional problems which has plagued string theory and
subsequently M theory is the lack of predictivity of the low energy effective
action. There are apparently many vacua of the theory. For example, in
vacua with compact extra dimensions, there are many ways to choose the
compactification data. Each such choice describes different physics and most
of these choices do not seem to describe anything resembling physics as we
know it. At present we know of no compelling reason why the theory might
favour universes with three spatial dimensions let alone a local symmetry
group SU(3) × SU(2) × U(1) with the elementary particles living in three
complex representations. On the other hand, we presently dont know of any
other non-anthropic explanations of these facts either, so string theory is no
better than any other theory in this regard.
A simple manifestation of the vacuum degeneracy/predictivity problem
is that string and M theory compactifications have moduli. At the classical
level this is due to the fact that the low energy effective potential has many
flat directions and the values of scalar fields which determine the size and
shape of the extra dimensions remain undetermined by the theory. At the
quantum level there is a similar sort of problem in that non-perturbative
effects such as instantons appear to generate a potential which pushes the
fields off to extreme weak coupling and large volume [1]. In this regime, the
potential is approximately flat again.
Naively one might think that the runaway potential might be useful for
inflation or quintessence but the non-perturbative potentials that arise this
way apparently do not inflate [2].
In this paper we will studyM theory compactifications to four dimensions
on manifolds of G2-holonomy. Many such compactifications arise as a certain
limit of Calabi-Yau compactifications of the heterotic string. Calabi-Yau
compactifications have traditionally been regarded as the most promising for
obtaining realistic particle physics from string theory. The limit we will study
is not very well approximated by weakly coupled heterotic strings and is much
better described by M theory on a compact manifold X of G2-holonomy.
Note that X must have certain kinds of singularities in order for the low
energy dynamics to be described by a non-Abelian gauge theory coupled to
chiral fermions. The singularities leading to non-Abelian gauge groups were
first studied in [3] and in more detail in [4, 5, 6] whereas singularities which
support chiral fermions have been studied in [6, 7, 8, 9]. Applications of
these studies to more detailed questions of phenomenology have been made
in [10, 11].
In particular, in order to obtain non-Abelian local symmetries, the G2-
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manifold X contains a three manifold Q of orbifold singularities [3]. Near Q,
X looks like R4/Γ×Q. Hence, X has an orbifold singularity along Q. Γ is a
finite subgroup of SU(2) acting as a subgroup of SO(4) on R4. Quarks and
leptons emerge from additional singularities of X through which Q passes.
Up until relatively recently, most studies of string compactification fo-
cussed on vacua without fluxes. Typically the metric (as well as non-Abelian
gauge fields in the case of heterotic strings) is the only non-zero background
field and one studies the theory around a minimum of the classical poten-
tial. Our comments above on flat directions in the classical potential apply
to these cases. More recently however, attention has been devoted to the
study of compactifications with flux. These are compactifications in which
the various p-form gauge fields present in the theory have been activated:
the theory is studied in the presence of non-zero electric and/or magnetic
fields. Since the kinetic energy of the p-form field depends upon the space-
time metric, which in turn depends upon the moduli, flux compactifications
lead to a potential for the moduli. Moduli stabilisation due to fluxes has
been studied in a variety of papers [12]− [30]. An open question is can this
approach lead to a potential which fixes all the moduli in a compactification
to four dimensions?
In the context of G2-compactifications, the flux induced potential is pos-
itive [30] and so also suffers from a runaway problem. Since most of the
interesting physics of G2-compactifications involves the fields localised at
singularities a simple question that one can ask is can this runaway be sta-
bilised by turning on the fields supported at singularities of the G2-manifold?
We will study this question in this paper.
We will be interested in the sorts of singular G2-manifolds that give rise
to Yang-Mills theory and chiral fermions and will study the effect of turning
on these fields which are supported at the singularities. We will show that,
as long as a certain topological invariant, c2, is non-zero and suitably large,
that the combination of both fluxes and the fields supported at singularities
is enough to fix the all the moduli of the G2-manifold.
The size of the G2-manifold in the minimum of the potential is large if c2
is large, so that the approximation to the potential that we use is valid. Thus,
if this is indeed the case then these minima produce four dimensional vacua
of M theory with no undetermined parameters. All masses and couplings
are in principle calculable by the theory, although this is difficult in practice.
In the next section we describe the equations describing the absolute
minimum of the supergravity potential and explain how they can be solved
and why the solution is isolated. An important role is played by a certain
complex Chern-Simons invariant c1+ic2 which gives an additive contribution
to the superpotential. We show that c2 is non-zero and can be large when Q
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is a hyperbolic three manifold.
The moduli fixing mechanism presented here involves only the gauge fields
along 3-manifolds Q (and their superpartners) and as such can be applied
to non-realistic G2-compactifications which do not include quarks and lep-
tons. In this case, the vacuum we describe is supersymmetric and has a
negative cosmological constant Λ0. In the concluding section, we consider
the possibility that the moduli fixing mechanism is useful in a more realistic
context. For this it is necessary to assume that the singularities of X support
also a supersymmetric standard model and a supersymmetry breaking sector.
Since by assumption supersymmetry is broken, particle physics interactions
will generate a contribution Λ1 to the cosmological constant and the main
idea is to balance Λ0 against Λ1. This is necessary if one is to obtain (at the
very least) a positive cosmological constant.
In this scenario, we find that the fundamental Planck scale is 10 Tev (or
smaller) and that the much higher four dimensional Planck scale emerges
because the topological invariant c2 is large. Thus, the heirarchy of scales
that we observe between particle physics and gravity in four dimensions might
be explained in these models by the fact that a topological invariant takes
the value that it does.
2. Vacuum Equations for Moduli.
M theory on a compact G2-manifold X has a low energy description
in terms of a minimally supersymmetric supergravity theory in four dimen-
sions. This theory is coupled to b3(X) moduli superfields. If X contains
a 3-manifold Q along which there is an orbifold singularity then there will
also be non-Abelian gauge fields. Note that there could be several different
three manifolds Qa of orbifold singularities so there can be more than one
gauge group factor. If Qa passes through certain additional conical singular-
ities there can be chiral superfields in a complex representation of the gauge
group associated to Qa.
For the purposes of explaining the simple mechanism which fixes the
moduli we will only require that there is a single gauge group and therefore a
single Q. We wont need to talk about the matter fields. The classical solution
to the low energy equations of motion is a solution of eleven dimensional
supergravity in which the only non-zero field is the 11-metric. This is a
product of theG2-holonomy metric onX and flat four dimensional Minkowski
spacetime. Since the superpotential is exactly zero in this classical low energy
limit, the potential for the moduli fields is also exactly zero.
We will ask the simple question: what happens to the theory if we turn
on a background four-form field G and a background gauge field A along Q ?
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In the case with A = 0, this question has already been studied. The answer
is that G induces a superpotential which is linear in the moduli superfields.
In this case, the resulting potential for the moduli is positive and runs off to
zero at infinity [30]. This corresponds to the large volume limit.
As we will explain momentarily, turning on the gauge field and its bosonic
superpartners leads to a modification of the superpotential, which in the
simplest non-trivial possibility is via the addition of a constant, c1+ ic2. This
constant, or rather its imaginary part, has a dramatic effect on the potential:
its presence implies a supersymmetric minimum with negative cosmologial
constant. Moreover, all the moduli fields are fixed in the minimum. In the
remainder of this section we will explain these results in more detail. In
order to do that we need to provide some basic background material. A
more detailed explanation of some of the mathematics may be found in [31].
2.1. Kaluza-Klein on G2-manifolds.
Amanifold of G2-holonomy always comes equipped with a 3-form ϕ which
is covariantly constant (parallel) in the G2-holonomy metric. The existence
of ϕ is equivalent to the existence of a G2-holonomy metric. Given a fixed
G2-holonomy metric on a compact 7-manifold X , a new metric with the same
holonomy can be constructed by perturbing ϕ by any small harmonic three-
form. Thus the moduli space of compact G2-manifolds is locally isomorphic
to a small neighbourhood of a point in H3(X,R). There are thus b3(X)
moduli fields in the four dimensional effective action. These combine with
harmonic fluctuations of the 3-form potential C of low energy M theory to
give b3(X) complex scalars which become the lowest components of scalar
superfields in four dimensions.
In more detail, let φj(x) j = 1, ...b3 be a basis for H
3(X,R). Then the
Kaluza-Klein harmonic ansatz is
C + iϕ = ΣjZj(y)φj(x) (1)
The Zj(y)’s are complex scalar fields in four dimensions and y denotes co-
ordinates of four dimensional spacetime. We define the real and imaginary
parts of the complex scalars by
Zj = tj + isj (2)
The tj ’s are axions because of C-field gauge transformations. The sj ’s are
the moduli fields whose vacuum expectation values determine the size and
shape of the G2-holonomy metric on X . This is because changing the sj ’s
changes ϕ and therefore also the metric on X .
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As argued in [15, 29] and proven in [30], turning on a background field
strength G for C induces the following superpotential into the four dimen-
sional theory
W =
1
8pi2
∫
X
(
C
2
+ iϕ) ∧G (3)
Note that as explained in [30]the real part of W is classically an angular
variable of period 1
2
. In the quantum theory, to account for the effects of
G-flux through the four-dimensional spacetime, we should accept all possible
values of ReW which differ by N
2
, for all integers N . Although important,
the vacuum states distinguished by N will not figure much in what follows.
Since G does not depend upon the metric and is harmonic and quantised,
we may expand it in terms of a basis of harmonic 4-forms ρj which are dual
to the φj. This means that the superpotential can be written as
W =
1
8pi2
ΣkZkGk (4)
and is therefore linear in the moduli superfields with coefficients which are
the flux quanta2.
Finally, since we will be interested in general supersymmetric vacua, we
will require the Kahler potential and its derivatives. The Kahler potential
depends only on the sk’s and not on the axions. It is given by [32, 33, 30]
K = −3ln(a
∫
X
ϕ ∧ ∗ϕ) (5)
where a is 1
14pi2
and ∗ϕ is the 4-form which is Hodge dual of ϕ in the metric
on X . Note that since ∗ depends nonlinearly on the metric, eK is a nonlinear
function of the moduli. The first derivative of the Kahler potential with
respect to the Zk is [31, 30]
∂K
∂Zk
=
7
2
i
∫
X
φk ∧ ∗ϕ∫
X
ϕ ∧ ∗ϕ
(6)
2.2. Superpotential for Gauge Fields.
In this subsection we will derive the contribution to the superpotential
from the gauge fields and their superpartners which are localised along Q
(times four dimensional spacetime M3,1). When the eleven dimensional
spacetime has an A, D or E orbifold singularity along a 7-manifold Y such
2The quanta Gk are integer multiples of 2pi.
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as Q ×M3,1, as long as Y is large compared to the Planck length, there is
a description of the M theory physics near Y in terms of seven dimensional
super Yang-Mills theory on Y with an A, D, E gauge group G determined by
the orbifold singularity [3]. The bosonic fields of 7d super Yang-Mills in flat
space are a gauge field A and three scalars B. In our context, the Yang-Mills
theory is on a curved spacetime, but because Q is a supersymmetric three
cycle in a manifold of G2-holonomy the classical description of the physics
for large Q is still supersymmetric even though the spacetime is curved3. Of
the sixteen supersymmetries present in the flat space gauge theory, only four
remain once we compactify on Q. For large Q there is then a description
of the dynamics in terms of a supersymmetric Yang-Mills theory on M with
minimal supersymmetry.
An important point is that the three scalars B actually become the com-
ponents of a 1-form on Q because of supersymmetry. A very simple way to
see this is that if we consider the fluctuations of the three components of
A which are along Q, then these fluctuations look like scalar fields in four
dimensions. But a real scalar field in four dimensional supersymmetry must
combine with either a 2-form potential or another scalar field in order to
form a representation of the supersymmetry algebra. In this case the three
components of B transform as 1-forms on Q and not as 2-forms on M [3].
Thus the components of A tangential to Q have bosonic superpartners which
are a 1-form B on Q. All fields transform in the adjoint representation of
the gauge group.
One can check explicitly (see appendix) that the conditions for unbroken
supersymmetry imply that
F (A) = B ∧B (7)
and
DAB = 0 (8)
ie that the field strength of the gauge field components along Q are equal
to the commutator of the B’s and that the covariant derivative of B with
respect to A is zero.
These equations are the critical points of the following complex functional
ω ≡
∫
Q
tr(A+ iB) ∧ d(A+ iB) +
2
3
(A+ iB) ∧ (A+ iB) ∧ (A + iB) (9)
with respect to the complex gauge field A + iB. ω is the complex Chern-
Simons functional. Its critical points are complex flat connections. These
3See [3] for a detailed discussion of supersymmetry and a description of the low energy
physics in this context.
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are equivalent to a representation of the fundamental group of Q in the
complexification of the ADE gauge group GC modulo conjugation.
This implies that the Chern-Simons functional ω is the contribution to the
superpotential of the four dimensional theory from fluctuations of A and B
along Q. ω is invariant under gauge transformations of the complexification
of the gauge group as F -terms should be. In fact we can use the latter fact
to rederive ω:
The contribution to the four dimensional potential energy coming from
the fluctuations of A and B along Q is given by the bosonic part of the super
Yang-Mills action on Q. This includes the Yang-Mills action for A
V =
∫
Q
trF (A) ∧ ∗F (A) + · · · (10)
Then we can ask, what is the superpotential W for which
V = |
δW
δ(A+ iB)
|2 (11)
Since the real Chern-Simons functional, ωR for A (which is ω with B = 0
) has the property that
δωR ∝ F (A) (12)
complex gauge invariance of the F -term uniquely fixes ω to be the complex
Chern-Simons functional4
As an aside, we note that for G2-compactifications which are dual to
heterotic or Type I or other IIB orientifold compactifications on Calabi-Yau
threefolds, ω is the M theory ‘dual’ of the holomorphic Chern-Simons func-
tional which is the superpotential in these string compactifications.
We are going to pick our background gauge field Ao+ iBo to simply be a
critical point of ω ie a flat complex gauge field. We are also going to assume
that the moduli space of complex flat connections is zero dimensional ie that
the flat connection we choose is isolated. This means from the low energy four
dimensional point of view that all the fluctuations of the gauge field around
this background are massive. If this were not the case then the low energy
theory would contain phenomenologically undesirable massless adjoint fields
and the Kahler potential above would also require modification to include
these additional light degrees of freedom.
The Chern-Simons functional ω is a topologically invariant functional. In
particular, its value on a background flat connection is a constant
ω|A0+iB0 ≡ c = c1 + ic2 (13)
4Strictly speaking, our derivation of ω thus far applies only in the limit of global super-
symmetry. In subsection 3.2 we will explicitly verify that ω is indeed the superpotential.
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In general this constant5 is complex as we have emphasised in the above
formula. In particular the real part is only well defined modulo 1 (in appro-
priate units) and is essentially the more familiar real Chern-Simons invariant.
Its imaginary part however can in general be any real number. In particular
c2 can - as we will demonstrate - be large. This fact will be important for us
in the following.
Summarising the results of this subsection: the contribution of the fields
supported at the singularities to the superpotential is given by a complex
number, c - the Chern-Simons invariant of a flat complex connection.
3. Minima of the Supergravity Lagrangian.
Having identified the contribution to the superpotential we can add it to
the G-flux induced linear superpotential and study the minima of the super-
gravity potential. The absolute minima of the potential are supersymmetric
vacua with a negative cosmological constant. These vacua are characterised
by solutions to the following equations:
∂W
∂Zk
+
∂K
∂Zk
W = 0 (14)
With W given by6
W =
1
8pi2
(ΣjZjGj + c1 + ic2) (15)
and the first derivative of the Kahler potential by [30]
∂K
∂Zk
=
7
2
i
∫
X
φk ∧ ∗ϕ∫
X
ϕ ∧ ∗ϕ
(16)
we see that minima exist if,
ΣtjGj + c1 = 0 (17)
and
Gk =
7
2
∫
X
φk ∧ ∗ϕ∫
X
ϕ ∧ ∗ϕ
(ΣjsjGj + c2) (18)
3.1. Solution to Vacuum Equations.
5Note that if we had chosen a more general non-flat connection, then ω will not be
constant and the formulae below become more complicated.
6We have redefined c1 and c2 for convenience
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The equation involving the axions implies that one linear combination
of axions has a fixed vev. Note that in the quantum theory this equation
gets modified by the addition of half an integer, determined by which “theta
vacuum” is picked.
The equations for the moduli fields si imply that in any given solution
the 4-form field G is proportional to ∗ϕ, with a coefficient α which depends
upon the moduli. To see this explicitly, expand ∗ϕ in terms of the basis of
harmonic 4-forms ρi which are dual to the φi:
∗ ϕ = Σjujρj (19)
Note that the uj depend upon the moduli fields si. The uj are homogeneous
of degree 4
3
. Then the equations above may be rewritten as
Gk =
7
2
uk
Σjsjuj
(ΣisiGi + c2) (20)
Therefore,
G = α ∗ ϕ (21)
where
α =
7
2Σjsjuj
(ΣisiGi + c2) =
1
2V ol(X)
(ΣisiGi + c2) (22)
Since a solution of the equations implies that ∗ϕ is proportional to an in-
tegral cohomology class, any solution has at most one modulus - the volume.
This is because changes in the moduli which preserve the volume of X will
always change the direction in H4(X,R) in which ∗ϕ points. We will now
describe a way to solve these equations and demonstrate that the volume
modulus is also fixed.
The idea is simple and we are indebted to Dominic Joyce for propos-
ing it. We assume that our G2-manifold X has a G2-structure ϕ
′ which is
proportional to the flux G,
α′ ∗ ϕ′ = G (23)
Then we simply rescale the moduli of this G2-metric and try to solve equation
(21). Note that if X does not have a G2-structure for which (23) is true for
some fixed G-flux, then we will typically be able to change the flux and adjust
the moduli so that it is true. Hence we can typically find combinations of
G2-manifolds and fluxes for which (23) is true.
Under a rescaling of the moduli,
ϕ′ −→ λ3ϕ′ (24)
ϕ′ −→ λ4 ∗ ϕ′ (25)
α′ −→ λ−4α′ (26)
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Thus, denoting the moduli in the ϕ′ metric as s′j , in order to solve our
equations we have that
sj = λ
3sj
′ (27)
and require that
α = λ−4α′ (28)
This gives the following equation for the scale factor
λ3Σjsj
′Gj + c2 = 2λ
3V ol(X ′)α′ (29)
This has a unique solution given by
λ3 =
c2
2V ol(X ′)α′ − Σjsj ′Gj
(30)
Hence this minimum of the potential is isolated. In fact it is actually clear
from the conditions for unbroken supersymmetry (18) that the volume mod-
ulus will be fixed in a given solution. This is because the equations are not
invariant under a rescaling of the moduli fields. The left hand side and the
first term on the right are invariant, but the last term involving c2 is not
invariant.
In summary, we have shown that if X admits a G2-metric which is such
that ∗ϕ′ is proportional to G then there exists an isolated minimum of the
supergravity potential with negative cosmological constant. Note that X
must be such that the topology of Q is rich enough to admit flat connections
with non-zero c2. We will discuss this issue later. For the moment we wish to
outline a dual Type IIA description of the moduli fixing mechanism 7 which
may serve to clarify the origin of c2.
3.2 Type IIA dual description.
In addition to being dual to compactifications of the heterotic string the-
ory, G2-compactifications ofM theory can also be dual to orientifolds of Type
IIA theory on a Calabi-Yau threefold Z. Such string vacua can be described
in the following way. Consider Type IIA on a Calabi-Yau threefold Z. This
theory has N = 2 supersymmetry. If Z admits a Z2 symmetry σ under
which the Kahler form K and holomorphic 3-form Ω behave as
K → −K (31)
Ω→ Ω∗ (32)
7We thank E. Witten for suggesting this.
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then one can define an orientifold of the theory by gauging the Z2 symme-
try generated by the product of σ and the world-sheet parity operator P .
Gauging this Z2 breaks the supersymmetry to N = 1.
The fixed points of Z under σ, if non-zero, are 3-dimensional submani-
folds Zσ of Z and will be smooth if Z is smooth. The string theory thus
has orientifold 6-planes with topology Zσ×M3,1, with M four-dimensional
spacetime. Consequently, the theory also has a tadpole for the RR 7-form
potential C7, suported on the orientifold planes. The tadpoles may be can-
celled by introducting D6-branes wrapping 3-dimensional submanifolds Qa
of Z. If Na denotes the number of branes wrapping Qa, the homology classes
of the Qa’s must be such that
ΣaN
a[Qa] = 4[Z
σ] (33)
This is the tadpole cancellation condition. Some examples of such vacua
have been described in [36].
If all theQa are special Lagrangian 3-manifolds (ie supersymmetric cycles)
then the configuration of branes and orientifolds will be supersymmetric.
Since such Type IIA vacua have only the metric, dilaton and RR 1-form
potential (dual to C7) as the only non-zero fields, they arise in the M theory
limit solely from the eleven dimensional metric. Supersymmetry then implies
that theM theory limit is a compactification on a G2-manifold. For instance,
the M theory limit of Na D6-branes on Qa is an ANa−1-singularity over Qa
in a G2-manifold.
The description of the fields on the D6-branes at low energies is precisely
the 7-dimensional super Yang-Mills theory we discussed in the M theory
limit. The gauge field A on Q corresponds to the usual gauge field of the D6-
brane and the 1-form B on Q has three components which locally represent
normal fluctuations of the brane inside the Calabi-Yau Z. The superpoten-
tial from the D6-brane sector is again given by the complex Chern-Simons
functional, but now we can interpret contributions to its imaginary part as
beign associated with non-zero values for the normal bundle fields B, since
the imaginary part vanishes if B vanishes.
What kind of brane physics is associated with non-zero normal bundle
fields? One natural guess is the Myers effect [37]. For example, a non-zero
value for
trB ∧ B ∧ B (34)
on a Dp-brane induces a coupling to the RR (p+4)-form field strength F of
the form
trB1B2B3.F + permutations (35)
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where the (p + 4)-form F is contracted with the three components of B to
give a (p+1)-form which we may integrate over the Dp-brane world-volume.
Since the (p+4)-form measures the charge distribution of D(p+2)-branes in
Type IIA/B theory, this coupling is associated with Dp-branes which have
“expanded into” D(p + 2)-branes. In our context p = 6 and the non-zero
value of (34) occurs when c2 6= 0. Hence the D6-branes of the orientifold
compactification expand into D8-branes.
3.2 The Potential.
Up to now, we have described the conditions for unbroken supersymmetry
and their solutions. Also of interest is the supergravity potential, V . V is
determined by the standard formula
V = eK(gij¯(
∂W
∂Zi
+
∂K
∂Zi
W )(
∂W¯
∂Z¯j¯
+
∂K
∂Z¯j¯
W¯ )− 3|W |2) (36)
This turns out to be given by
V =
pi2
2
(
∫
X
GX ∧ ∗GX
V ol(X)2
+
(
∫
X
C
2
∧GX + c1)2
V ol(X)3
+
(c2)
2
V ol(X)3
+
c2
∫
X
Φ ∧GX
V ol(X)3
)
(37)
Note that c1 and
∫
X
C
2
∧ G appear on an equal footing in the effective
potential. We can see this explicitly from the C-field equations of motion
in the presence of the ADE-singularity supported on Y = Q × M3,1. In
the presence of such an ADE singularity the M theory Lagrangian has a
contribution coupling the gauge fields on Y to the C-field:
∆L = δ4Y ∧ ω3(A) ∧G (38)
where ω3 is the Chern-Simons 3-form as a functional of the gauge field and
δ4Y is a 4-form delta-function supported on Y . This means that the C-field
equation of motion is
d ∗G+
1
2
G ∧G+ δ4Y ∧ trF ∧ F = 0 (39)
This implies that the gauge field makes a contribution to the conserved Page
charge, P , defined by [38]
P =
∫
X
(∗G+
1
2
C ∧G)/4pi2 + c1 (40)
Hence, turning on A is equivalent to shifting the Page charge by the Chern-
Simons invariant c1. We can also use this analysis to reconfirm our calculation
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of W using the fact that BPS domain walls in the supergravity theory have
a tension which is porportional to the change in W as the wall is crossed.
Consider an M2-brane whose world-volume is q×R2,1 ⊂ Q×R3,1. From
the effective field theory point of view this domain wall in four dimensions
can be described as an instanton on Q × R for the gauge field A. Here
R is the direction transverse to the wall. The reason for this is precisely
the equation of motion (39) which implies that gauge field configurations of
non-zero instanton number have non-zero membrane charge8.
To specify the instanton field requires boundary conditions at ±∞ which
consist of two copies of Q. The requisite boundary conditions are a flat con-
nection on each copy of Q. The M2-brane domain wall is then an instanton
which interpolates between the two flat connections at the two ends. The
tension of such a domain wall is then given by evaluating the Yang-Mills
action on Q×R
T =
∫
Q×R
trF ∧ ∗F =
∫
Q×R
trF ∧ F = c+1 − c
−
1 ≡ ∆c1 (41)
ie is the difference in the Chern-Simons invariants of the two flat connections.
Since the supersymmetry algebra implies that
T = ∆(e
K
2 W ) (42)
we find (by comparing with the formulae for V ) that W receives a contribu-
tion which is directly propotional to c1, since e
K ∝ V ol(X)−3. Holomorphy
ie the fact that the gauge field on Q naturally gets complexified, then implies
the c2 contribution. This completes the derivation of W that we have used
throughout this paper.
An open question is what kinds of domain walls in the theory shift the
value of c2 ?? The answer appears to be domain walls which couple only to
the gravitational field. This is because the C-field equation of motion does
not detect changes in c2 and therefore the Einstein equations presumably do.
3.4. The One Modulus Case.
We have shown above that the equations formally have an isolated mini-
mum. However, for consistency, we must also show that the minimum exists
in a region of field space where the supergravity approximation is valid, since
this after all is where we obtained the Kahler potential. This requires show-
ing that the minimum exists at values of the sj for which the size of X is
8In the Type IIA description the instanton is a D2-brane inside the D6-brane.
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large compared to the Planck length. Although this is a straightforward ex-
ercise in the general case we will restrict our attention so the very simple case
of G2-manifolds with one modulus, s. In this case we can be very explicit
about the dependence of the equations on s and the formulae are a little less
abstract.
With one modulus, homogeneity of eK fixes the Kahler potential to be
K = −ln(
1
14pi2
s7) (43)
Then the vacuum equations assert that
G =
7
2s
(Gs+ c2) (44)
This has the unique solution
s = −
7
5
c2
G
(45)
Note that, since s is positive in the supergravity approximation, the signs
of c2 and G must be opposite. Since c2 is fixed by the topology there is a
solution for only one sign of G.
The supergravity approximation is valid when the volume of X is large
and this corresponds to s being large. Therefore as long as c2 is large com-
pared to G, the minimum exists in a region of field space within the approx-
imation. In M theory s has length dimension three, so a c2 of order 10
3 or
bigger and a minimal flux quantum is presumably enough to put the mini-
mum in the regime of validity. Before we discuss in more detail the nature of
c2 and the existence of G2-manifolds with non-zero c2 we can compute using
the supergravity potential the value of the potential in the minimum. This
is the cosmological constant of the anti-de Sitter space. This turns out to be
V0 = Λ0 =
21pi255
2× 75
(
G
c2
)5G2 ≈ 20
G7
c52
(46)
which if G is minimal is small for large c2.
The potential also has another critical point at finite s. This critical point
is a de Sitter maximum. The cosmological constant of de Sitter space is of the
same order as it is in the minimum. The multi modulus case also presumably
has a de Sitter maximum. This follows simply from the fact that, as we have
seen, the potential has a minimum below zero at some finite value of the
s-fields. But for extremely large values of the fields the terms involving c2
are negligible compared to the flux induced terms calculated in [30]. These
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terms are purely positive and for large si the potential approaches zero from
above. Hence, presuming the potential does not blow up at finite distance,
it must have a maximum above zero. In the multi-modulus case we actually
expect the existence of de Sitter minima as well although we have not been
able to prove this. This is simply because there are in general many fields.
If this is the case, the theory would have non-supersymmetric metastable
vacua with positive cosmological constant. Aspects of cosmology of these
compactifications are being investigated in [34].
We now turn to the question of the existence of G2-manifolds with the
properties required for this moduli fixing mechanism to be implemented.
4. On the Existence of G2-manifolds with c2 6= 0.
Recall that our G2-manifold X has an ADE-singularity supported along
a 3-manifold Q. c2 is the imaginary part of the Chern-Simons invariant of
the flat complex ADE-connection on Q. In particular if B, the imaginary
part of the gauge field is gauge equivalent to zero c2 will vanish. For exam-
ple, consider the case when the gauge group is GC = SL(N,C). The flat
connection is then a set of matrices in GC which generate a group which
is homomorphic to pi1(Q). If, by conjugation by elements in G
C, one can
unitarise these matrices ie conjugate them into GR = SU(n), B is gauge
equivalent to zero and c2 vanishes. This is certainly the case when pi1(Q) is
finite. We should therefore consider the case of infinite fundamental group.
As far as we are aware, the only known examples of flat connections with
non-zero c2 are in the cases in which,
Q = H3/Γ (47)
ie when Q is diffeomorphic to a compact 3-manifold which admits a hyper-
bolic metric9. A hyperbolic metric is a metric of constant negative curvature
ie is locally isometric to Euclidean anti-de Sitter space.
Now, since
H3 = SO(1, 3)/SO(3) = PSL(2,C)/PSU(2) (48)
Γ is therefore a subgroup of PSL(2,C) and canonically defines a repre-
sentation of pi1(Q) in PSL(2,C) ie a flat PSL(2,C) connection on Q. This
representation can always be lifted to a representation of SL(2,C). This is
the flat connection that we will consider using, by regarding SL(2,C) as a
subgroup of GC. The coresponding gauge field in the standard hyperbolic
metric is given by
9In [39], a link between G2-manifolds and hyperbolic geometry was also made.
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A+ iB =
(
f g
h − f
)
(49)
where f, g, h are complex one forms given in terms of the dreibein ei and
spin connection ωij by [40]
2f = ie1 − ω23 (50)
2g = i(e2 + ω12) + e3 + ω13 (51)
2h = i(e2 − ω12)− e3 + ω13 (52)
Then, one can readily compute c the Chern-Simons invariant in the hyper-
bolic metric to learn that
c2 ∝ V ol(H
3/Γ) (53)
So in this case c2 is the volume of Q computed in its canonically nor-
malised hyperbolic metric. c2 can in fact be large in practise. To see this,
consider a hyperbolic 3-manifold Q′ with a volume invariant V ′. Then Q′
admits a finite cover Q whose volume invariant is NV ′. N can be an integer
of arbitrarily high order!
The existence of such a Γ implies that Γ contains a normal subgroup of
index N . Equivalently, Γ is homomorphic to a finite group of order N .
To show this recall that Γ is finitely generated by determinant one com-
plex matrices (modulo ±1). The entries of these matrices are complex num-
bers. Let F ⊂ C denote the sub-ring of the complex numbers generated
by the entries of these matrices. F is also finitely generated. In fact Γ is
conjugate to a representation in which the entries of the matrices are all
algebraic10[41]. This implies that Γ is conjugate to PSL(2,F), for some F.
For instance F might be a subset of C of the form {a+ ib|a, b ⊂ Z}. We
can then consider the subrings of F called “prime ideals” which we denote
by P. For example, P might be {cp+ idp|c, d ⊂ Z} with p a prime number.
Then F/P is a finite field and we have maps
Γ −→ PSL(2,F) −→ PSL(2,F/P) (54)
This gives a map from Γ to a finite group PSL(2,F/P) which by choosing
the “prime number” in P is of arbitrarily large order. The kernel of this map
is then the fundamental group of a hyperbolic 3-manifold whose volume is of
arbitrary order.
10ie contained in a finite algebraic extension of the field of rational numbers.
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Note that if a G2-manifold has an ADE-singularity supported along a
3-manifold Q of hyperbolic type then the metric induced on Q will typically
not be the constant curvature metric. However, a flat connection with the
same Chern-Simons invariant exists on Q regardless of the metric induced
upon it. Therefore c2 is not the actual volume of Q which in general depends
upon the sj. However, because Q is a supersymmetric 3-cycle its volume
form is given by ϕ. Hence the volume of Q is linear in the sj. Formula (45)
(and its generalisation to the multi-modulus case) then shows that the actual
volume of Q and its volume in the hyperbolic metric are linearly related.
Another important point about the canonical flat connection on a hyper-
bolic 3-manifold is that it is rigid ie that it admits no deformations preserving
flatness. This was another property that we were assuming in the calcula-
tion of the minimum of the effective potential. This property follows from
the uniqueness property of hyperbolic 3-manifolds called Mostow Rigidity.
The algebraic version of Mostow rigidity asserts that any two isomorphic
subgroups of PSL(2,C) which occur as the fundamental groups of finite
volume hyperbolic three-manifolds are conjugate. This implies that the flat
connection is unique11.
In summary, we have seen that if theG2-manifold has anADE-singularity
supported along a 3-manifold Q which admits a hyperbolic metric then there
exists an isolated connection with non-zero c2. Moreover c2 can be a large
number. Do such G2-manifolds exist?
An important result which emerged from Thurston’s work on 3-manifolds
is that “most” compact 3-manifolds are of hyperbolic type. The Thurston
program [41] resulted in a picture of a 3-manifold in which it can be decom-
posed into a collection of ‘prime pieces’ which consist of other 3-manifolds.
Each prime 3-manifold then admits one of eight types of locally homogeneous
metrics. Seven of these eight types are 3-manifolds which are classified. For
example they include finite quotients of S3 and T 3. The remaining geometry,
namely hyperbolic 3-space, makes up all of the remaining prime 3-manifolds
and since the list of the other 7-types is so small, hyperbolic 3-manifolds
make up “most” prime 3-manifolds.
A more concrete argument pertaining to the existence of hyperbolic sub-
manifolds of G2-manifolds is perhaps the following. From various string du-
ality [42, 8] and mathematical arguments [31], one expectation about some
G2-manifolds is that they admit K3-fibrations over S
3 (or a quotient). Imag-
ine that the generic K3-fiber has not one but several ADE-singularities of
the same type. For example three A2-singularities. Then locally, each such
singularity, as we follow it around on S3, gives a section of the fibration.
11The proof of Mostow rigidity is somewhat outside the scope of this paper.
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However, along a codimension two locus L in S3 the three singularities of
the K3-fibers above L could meet. In this way the K3-fibration would not
have a section but an order 3 multi-section. This produces in the total space
of X a single A2-singularity supported on a 3-manifold Σ. Σ is in fact a 3-fold
branched cover of S3. An important fact about 3-manifolds is that any 3-
manifold can be regarded as a 3-fold branched cover of S3 [43, 44]. So, in this
way one can imagine that X is such that the branching is hyperbolic. Un-
fortunately, developing this argument further requires understanding better
the branching locus12 L.
We should also point out an analagous situation in which plenty of exam-
ples may be found. This consists of a compact Calabi-Yau threefold Z with
an ADE-singularity localised along a hyperbolic 2-manifold ie a Riemann
surface of genus > 1.
Having given some arguments which might suggest that G2-manifolds
exist with non-zero c2 we now return to the physics - assuming the existence
of a solution.
5. Holography and AdS/CFT.
The alert reader may have noticed something which at first sight appears
peculiar from our discussion of the minima of the supergravity potential.
This is the fact that the potential for the si had an isolated minimum but
only one linear combination of axions had a fixed vev in the vacuum. It thus
appears that we have an N = 1 vacuum configuration in which b3(X) − 1
real scalars (the axions) are massless. This seems peculiar at first because
the usual representations of the N = 1 supersymmetry algebra contain two
bosonic degrees of freedom not one. As we shall explain this appears to be
related to the holographic dual description of these vacua.
The resolution of this peculiarity is that the vacuum we are talking about
is a supersymmetric anti-de Sitter vacuum. In anti-de Sitter space, in ad-
dition to supermulitplets with two bosonic degrees of freedom, there does
indeed exist a supermultiplet with one bosonic degree of freedom. This is
the so called singleton representation. Therefore, our axions must be single-
tons.
An important point about singleton representations is that they naturally
reside on the boundary of anti-de Sitter space13. Thus, the excitations of the
axion fields in our vacua represent boundary degrees of freedom.
12X could have an additional singularity along L at which additional light degrees of
freedom might be found.
13See the introduction of [45] for a review with detailed references on the representation
theory of the anti-de Sitter group.
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A very natural question to ask is what is the holographic dual description
of these adS vacua? Because of the symmetries, this dual description is
almost certainly a three dimensional conformal field theory which must - in
some natural sense - reside on the boundary of anti-de Sitter space. In the
better understood adS vacua of M theory, this CFT is the world-volume
theory of some collection of M2-branes on the boundary of the spacetime.
In that context it was realised that the singleton representation in the gravity
theory represented the center of mass degree of freedom of the branes.
Since we have identified b3(X) − 1 axionic singleton fields in the adS
vacua under discussion here, it is natural to propose that the holographic
dual description corresponds to the world-volume field theory of b3(X) − 1
collections of branes at the boundary of the spacetime (although it is not
clear which kind of branes these actually are). One could try and verify this
proposal by finding the corresponding brane solution of M theory on X .
6. Phenomenology.
Presuming that compact G2-manifolds with non-zero c2 exist, we have
shown that vacua of M theory exist with no moduli. This means that such
G2-manifolds would provide solutions of the eleven dimensional theory which
describe four dimensional universes with no undetermined parameters except
the fundamental Planck scale. In principle therefore all masses and couplings
are calculable by the theory in the isolated vacuum state.
The main phenomenological difficulties with the vacua we have described
here are a) they are supersymmetric and b) they have a negative cosmolog-
ical constant. However, as we have seen, the moduli fixing mechanism that
we have described here can in principle be implemented in a G2-manifold
whose associated low energy physics contains no light charged matter, since
we did not have to consider the matter fields supported at “chiral singular-
ities” of X . We should therefore consider the utility of the mechanism in
compactifications which include quarks and leptons.
The basic idea that we consider is that the moduli fixing mechanism con-
sidered here is the dominant contribution to the moduli potential in a more
realistic scenario. In order to investigate this possibility, it seems necessary to
assume that in addition to the singularities which produce a supersymmetric
standard model sector, X also has singularities which produce a supersym-
metry breaking sector. Once supersymmetry is broken (at a scale msusy) the
zero point energies of the charged fields will generate a contribution Λ1 to
the cosmological constant of order m4susy and we will simply consider the con-
sequences of requiring that Λ1 and the contribution Λ0 of section three are
of the same order. This is necessary if one is to obtain a positive cosmolog-
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ical constant. Under the strong assumption that a suitable supersymmetry
breaking mechanism exists for which this is true, there are a couple of quite
striking consequences.
First, the heirarchy problem reduces to explaining why a topological in-
variant c2 takes the value that it does. Second, the fundamental Planck scale
is roughly 10 TeV, if we take msusy = 1 Tev. Thus, if these sorts of mod-
els actually existed, they would provide a concrete realisation of the ideas
proposed in [46].
Note that the cosmological constant problem in this context then reduces
to the problem of explaining why Λ1 cancels Λ0 to at least 10
56 orders of
magnitude. We now turn to an explanation of these statements.
Once supersymmetry is broken, the mass splittings between fermions and
bosons will generate a contribution to the cosmological constant of the form
m4susy, where msusy is the scale of supersymmetry breaking. If this contribu-
tion to Λ is going to be comparable to the cosmological constant calculated
in section three, we require that
20
G7
c52
m4p ≈ m
4
susy (55)
where mp is the four dimensional Planck mass. Thus, the heirarchy problem
essentially reduces to explaining why
c52
G7
≈ 20(
mp
msusy
)4 (56)
The minimal value for G is 2pi, so the smallest c2 can be is around 10
13−1014,
if we assume that 1Tev ≤ msusy ≤ 10Tev. So in this scenario, the heirarchy
problem reduces to explaining why a certain topological invariant is 1013 (or
bigger if the fluxes are larger).
On the other hand, mp is determined in terms of the eleven dimensional
Planck mass, Mp through the formula
m2p ≈ (
c2
G
)7/3M2p (57)
Hence, assuming that msusy is around the TeV scale and we know mp,
we can determine the fundamental Planck scale. For the minimal value of
c2, we find that the fundamental scale is one order larger than msusy
Mp ≈ (10− 100)TeV ≈ 10msusy (58)
For a much larger G-flux, say of order 1010,
c2 ≈ 10
27 (59)
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and
Mp ≈ 1GeV (60)
so vacua in which c2 and G are vastly different, have fundamental scales
which differ by a much milder amount. However, a fundamental scale which
is lower than the scales already probed by particle physics experiments is
surely problematic and hence models with flux-quanta which are too large
are ruled out.
We should also compute the masses of Kaluza-Klein particles. These are
given by
mkk ≈ (
G
c2
)1/3Mp (61)
For minimal G-flux, this is roughly 10 GeV. For larger fluxes these masses
are smaller.
An important comment is in order. If X is isotropic in the minimum
all its moduli are of the same order of magnitude in the minimum of the
potential. Naively this would imply that these vacua are ruled out by ac-
celerator experiments, because Kaluza-Klein excitations of the gauge fields
along the Qa which supports the standard model gauge group would produce
charged particles of mass 10 GeV or less. Renormalisable couplings between
these particles and those of the standard model would then imply that such
isotropic vacua are inconsistent else the Kaluza-Klein modes would have been
observed in particle physics experiments above 10 GeV.
However, recall that the standard model particles are supported at singu-
lar points on X and therefore transform only under four-dimensional gauge
transformations, whereas the gauge fields transform under seven dimensional
gauge transformations. The charged Kaluza-Klein modes therefore transform
under seven dimensional gauge transformations. Because of this, renormal-
isable interactions between standard model particles and the Kaluza-Klein
modes are difficult to imagine and hence the interactions of these modes will
presumably be much harder to detect.
Even if the charged Kaluza-Klein modes do have conventional couplings
to quarks and leptons, many models could exist in which their masses are
100 GeV or much larger. To see this, we consider the generalisation of (45)
to the general case,
Σis
iGi = −
7c2
5
(62)
The Q’s which support the gauge fields have volumes which are linear
in the si because they are supersymmetric cycles. Hence if s1 is the volume
of one of the Q’s the above formula asserts that as G1 is increased, s
1 de-
creases. So a larger flux in one particular direction in the cohomology of X
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corresponds to shrinking a 3-manifold in X . Therefore, the Q which supports
the standard model gauge group can easily be much smaller than the largest
scale of X and if the mass scale of Q is 100 GeV or bigger the model is
consistent with accelerator experiments. These smaller 3-cycles make a neg-
ligible contribution to the volume of X . This implies that the cosmological
constant of section three is still given by (46) , but with the G which appears
there the smallest component of G-flux in X .
It would certainly be of interest to develop some of the ideas presented
here further. In particular, a construction of G2-manifolds with some of the
properties described here would be an important step.
Appendix: Supersymmetry.
A relatively efficient method to derive the equations for unbroken super-
symmetry on the fields supported at the ADE-singularity along Q is actually
in a dual context. Namely when Q is a supersymmetric 3-cycle in a Calabi-
Yau threefold Z in Type IIA and some number of D6-branes are wrapping Q.
Then, as shown in [3], the supersymmetry conditions for the world-volume
fields are identical to those in M theory. This is because the strong coupling
limit of this Type IIA configuration is precisely an ADE-singularity along
Q.
In flat space the world-volume theory of N D6-branes is U(N) super
Yang-Mills in seven dimensions. We can derive the conditions for unbroken
supersymmetry by dimensional reduction of the corresponding conditions in
ten dimensional super Yang-Mills theory on a D9-brane. In curved space, the
analagous procedure is to dimensionally reduce the conditions for unbroken
supersymmetry for gauge fields along Z to Q. Namely, we should consider
the dimensional reduction of the Hermitian Yang-Mills equations on Z onto
Q.
In components in a locally flat frame, the Hermitian Yang-Mills equations
are linear equations on the field strength FAB of a gauge field aB on Z:
F12 + F34 + F56 = 0 (63)
F13 − F24 = 0 (64)
F14 + F23 = 0 (65)
F15 − F26 = 0 (66)
F16 + F25 = 0 (67)
F35 − F46 = 0 (68)
F36 + F45 = 0 (69)
(70)
23
The first equation depends upon the metric on Z via the Kahler form
which we have chosen to be
ω = dx1 ∧ dx2 + dx3 ∧ dx4 + dx5 ∧ dx6 (71)
The remaining six equations are the conditions that the gauge field is
holomorphic. These do not depend upon the Kahler metric. These equations
correspond to F -terms in four dimensions and are the critical points of the
holomorphic Chern-Simons functional.
Q is a supersymmetric 3-cycle in Z and as such
ω|Q = 0 (72)
So in the local frame ei we will choose the frames alongQ to be spanned by
(e1, e3, e5). The R
3-subspace of C3 thus defined is indeed special Lagrangian
with the complex structure defined by ω. Correspondingly we will define the
gauge field components tangential and normal to Q by
(a1, a3, a5) ≡ (A1, A2, A3) (73)
(a2, a4, a6) ≡ (B1, B2, B3) (74)
Dimensionally reducing the Hermitian Yang-Mills equations onto Q then
corresponds to setting to zero the normal derivatives:
∂2 = ∂4 = ∂6 = 0 (75)
If we regard both Ai and Bi as components of a 1-form on Q (with values
in the Lie algebra of the gauge group) then the above seven equations become:
d ∗B + A ∧ ∗B + ∗B ∧ A = 0 (76)
dA+ A ∧ A = B ∧ B (77)
dB + A ∧B −B ∧ A = 0 (78)
The first of these depends upon the metric on Q and corresponds in four
dimensions to a D-term. The remaining six equations do not depend upon
the metric and are F -terms. They are the critical points of a complex Chern-
Simons action, as described in the text.
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